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?????????? 2????????????? ([A91], [A96], [AO02]). ?????
????????????????????????????????????????















???$X_{1},$ $\cdots$ , $X_{n}$ ????????????????? $\theta(\in R^{1})$ ????? $f_{0}(x-\theta)$
???????????????????$X:=(X_{1}, \cdots, X_{n})$ ???? $\theta$ ???? $\hat{\theta}=$
$\hat{\theta}(X)=\hat{\theta}(X_{1}, \cdots, X_{n})$ ???????? $c\in R^{1}$ ????
$\hat{\theta}(X_{1}+c, \cdots, X_{n}+c)=\hat{\theta}(X_{1}, \cdots, X_{n})+c$





? 1910? 2014? 102-114 102
?????????????????? $(\theta$ ? $)$ Pitman ??????????? ([LC98],
[Z71]).
???Akahira[A77] ?????????????????????????????
??????????????$X_{1},$ $\cdots$ , X???????????????? $f_{0}(x-\theta)=$
$ce^{-h(x-\theta)}(a+\theta<x<b+\theta);f_{0}(x-\theta)=0$ (???) ????????????????
????$a<b,$ $h\neq 0$ ???$c=h/(e^{-ha}-e^{-hb})$ ?????????
$\prod_{i=1}^{n}f_{0}(x_{i}-\theta)=\{\begin{array}{ll}c^{n}e^{hn(\theta-\overline{x})} (x-b<\theta<x-a) ,0 (???)\end{array}$
????????$x_{(1)}$ $:= \min_{1\leq i\leq n}x_{i},$ $x_{(n)}$ $:= \max_{1\leq i\leq n^{X}i}$ ????????$\underline{\theta}:=X_{(n)}-b,$













????????(2.5) ???? $n$ ??????????????????[AOT07] ???
???????????????????????????$X_{1},$ $X_{2},$ $\cdots,$ $X_{n},$ $\cdots$ ????
????????? (Lebesgue??????) ?? $f_{0}(x-\theta)$ ?????????????
?? $x\in R^{1},$ $\theta\in R^{1}$ ????????$f_{0}$ ???????????
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(C1) $f_{0}(x)>0(a<x<b);f_{0}(x)=0(x\leq a, x\geq b)$ ??$a,$ $b$ ???? $a<b$ ???
$f_{0}$ ??? $(a, b)$ ?? 2???????????
(C2) $A:=f_{0}(a+0)= \lim_{xarrow a+0}f_{0}(x)$ , $B:=f_{0}(b-0)= \lim_{xarrow b-0}f_{0}(x)$ ? $0<A<\infty,$
$0<B<\infty$ ? $A\neq B$ ???????$A':=f_{0}'(a+0)$ , $B':=f_{0}'(b-0)$ ???????
????
?????$T,$ $S$ ? (2.4) ????????????????????






???????????????$A=ce^{-ha},$ $B=ce^{-hb}$ ????? $A-B=c(e^{-ha}-$
$e^{-hb})=h$ ????(2.6) ???? $o_{p}(1)$ ???????(2.5) ??????????????
??? (C1), (C2) ????$\hat{\theta}_{PT}$ ????? (2.6) ?? (2.4) ?????????
$\hat{\theta}_{PT}=\frac{\underline{\theta}+\overline{\theta}}{2}+\frac{1}{2}(\overline{\theta}-\underline{\theta})\frac{e^{(A-B)n(\overline{\theta}-\underline{\theta})}+1}{e^{(A-B)n(\overline{\theta}-\underline{\theta})}-1}-\frac{1}{n(A-B)}+o_{p}(\frac{1}{n})$
$= \frac{\overline{\theta}e^{(A-B)n\overline{\theta}}-\underline{\theta}e^{(A-B)n\underline{\theta}}}{e^{(A-B)n\overline{\theta}}-e^{(A-B)n\underline{\theta}}}-\frac{1}{n(A-B)}+o_{p}(\frac{1}{n})$ (2.8)
??????????????????? $A-B=h$ ?? (2.8) ???? $o_{p}(1/n)$ ???
????? (2.1) ????????????? (C1), (C2) ???? Pitman???????
? (2.6) ????????????????????? Pitman???????????
??????????(2.8) ????????? Pitman???? $\underline{\theta}$ ? $\overline{\theta}$ ????????
??????????????????????$\underline{\theta}$ ? $\overline{\theta}$ ????????? $\theta$ ?????
??????????????? Pitman??????????????????
3. ??????????? Pitman?????????????????




$= \{\prod_{i=1}^{n}f_{0}(X_{i}-\hat{\theta})\}\exp[\{\frac{1}{n}\sum_{i=1}^{n}\frac{\partial}{\partial\theta}\log f_{0}(X_{i}-\theta n(\theta-\hat{\theta})+o_{p}(1)]$ (3.1)
??????? $narrow\infty$ ??? $\hat{\theta}$ ? $\theta$ ???????????? $\hat{\theta}^{P}-S\theta(narrow\infty)$ ?????
$\frac{1}{n}\sum_{i=1}^{n}\frac{\partial}{\partial\theta}\log f_{0}(X_{i}-\hat{\theta})-5E_{\theta}P[\frac{\partial}{\partial\theta}\log f_{0}(X-\theta)]=-E_{0}[\frac{f_{0}'(X)}{f_{0}(X)}]=A-B>0$ (3.2)
???????? (3.1), (3.2) ??
$\sup_{\underline{\theta}<\theta<\overline{\theta}}L(\theta;X)=\prod_{i=1}^{n}f_{0}(X_{i},\hat{\theta})e^{(A-B)(\overline{\theta}-\hat{\theta})}+o_{p}(1)$








$E_{\theta}[n( \hat{\theta}_{ML}^{*}-\theta)]=o(1) , V_{\theta}(n(\hat{\theta}_{ML}^{*}-\theta))=\frac{1}{A^{2}}+o(1)$ (3.3)




$E_{\theta}(V)=- \frac{1}{B}+0(1) , V_{\theta}(V)=\frac{1}{B^{2}}+o(1)$
??????$\underline{\theta}$ ??????????? $\hat{\theta}_{ML}^{*}$ ???????
$\hat{\theta}_{W}^{a}:=a\hat{\theta}_{ML}^{*}+(1-a)(\underline{\theta}+\frac{1}{nB})$
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$E_{\theta}[n( \tilde{\theta}-\theta)]=o(1) , V_{\theta}(n(\tilde{\theta}-\theta))=\frac{2}{(A+B)^{2}}+o(1)$ (3.6)
???????$\hat{\theta}_{PT}$ ????? (2.7) ????? 2???????





$I(A, B)= \frac{2}{(A-B)^{3}}\zeta(3, \frac{A}{A-B}) (A>B)$ (3.8)
????????$\zeta$ ???????????????
$\zeta(z, a):=\sum_{n=0}^{\infty}\frac{1}{(a+n)^{z}}=\frac{1}{\Gamma(z)}\int_{0}^{\infty}\frac{t^{z-1}e^{-at}}{1-e^{-t}}dt$
??? ([MUH98] ? I?? p.19??). ????$a$ ?????${\rm Re} z>1$ ??????????
??????????????? $k$ ????
$\zeta(z, k)=\sum_{n=0}^{\infty}\frac{1}{(k+n)^{z}}=\sum_{n=1}^{\infty}\frac{1}{n^{z}}-\sum_{n=1}^{k-1}\frac{1}{n^{z}}=\zeta(z)-\sum_{n=1}^{k-1}\frac{1}{n^{z}}$ (3.9)
????????$\sum_{n=1}^{0}1/n^{z}=0$ ???$\zeta(z)$ $:= \sum_{n=1}^{\infty}1/n^{z}({\rm Re} z>1)$ ? Riemann ????
??????????(3.8) ???? $k:=A/(A-B)$ ???????? (3.8), (3.9)??
$I(A, B)= \frac{2}{(A-B)^{3}}\zeta(3, k)=\frac{2}{(A-B)^{3}}\{\zeta(3)-\sum_{n=1}^{k-1}\frac{1}{n^{3}}\}$ (3.10)
??????? $A=2,$ $B=1$ ???? $k=2$ ??????????????????
$\zeta(3)=\pi^{3}/25.79436\cdots$ 1.20205
??? ([MUH98] ??? p.39??), (3.10) ?? $I(2,1)$ 0.4041????
???Pitman??? $\hat{\theta}_{PT}$ ? $\theta$ ???????????????????? 2?????
?????????????????MLE $\hat{\theta}_{ML}^{*}$ , ????? $\hat{\theta}_{W}^{*},$ $\tilde{\theta}$ ????? (3.3), (3.5),
(3.6) ????????????????
$V_{\theta}(n( \tilde{\theta}-\theta))-V_{\theta}(n(\hat{\theta}_{W}^{*}-\theta))=\frac{(A-B)^{2}}{(A+B)^{2}(A^{2}+B^{2})}+o(1)$
??????$\hat{\theta}_{W}^{*}$ ? $\tilde{\theta}$ ?????????????? ([AOT07]). ??
$V_{\theta}(n( \hat{\theta}_{ML}^{*}-\theta))-V_{\theta}(n(\hat{\theta}_{W}^{*}-\theta))=\frac{B^{2}}{A^{2}(A^{2}+B^{2})}+o(1)$









??????$1<A/B<1+$ ???????$narrow\infty$ ??????? 0(1) ??
$v(\hat{\theta}_{PT})<v(\hat{\theta}_{W}^{*})<v(\tilde{\theta})<v(\hat{\theta}_{ML}^{*})$
?????????$A/B>1+$ ???????$narrow\infty$ ??????? 0(1) ??
$v(\hat{\theta}_{PT})<v(\hat{\theta}_{W}^{*})<v(\hat{\theta}_{ML}^{*})<v(\tilde{\theta})$
?????$v(\tilde{\theta})$ ? $v(\hat{\theta}_{ML}^{*})$ ?????????????????? $v(\hat{\theta}_{PT})$ ????????
????$I(A, B)$ ??????? $k=A/(A-B)$ ???????
$\frac{A}{B}=\frac{k}{k-1}=1+\frac{1}{k-1}\leq 2 (k\geq 2)$
??????$A/B>2$ ?????? (3.10) ?????????????????????
????????$A/B=2$ ???????? 1??????????$A/B=4$ ?????
? 2???????
? 1 $A/B=2$ ??????????? $\hat{\theta}$ ????? $v(\hat{\theta})$
? 2 $A/B=4$ ??????????? $\hat{\theta}$ ????? $v(\hat{\theta})$
108
????? 1, 2?? $v(\hat{\theta}_{PT})$ ???? $v(\hat{\theta}_{W}^{*})$ ??????$A/B=2$????? 0.04, $A/B=4$
????? 0.056??????$v(\hat{\theta}_{W}^{*})$ ? $v(\hat{\theta}_{PT})$ ?????????????????? 1
?? $v(\hat{\theta}_{PT})$ ???? $v(\tilde{\theta})$ ??????$A/B=2$ ????? O. 16????? 2?? $v(\hat{\theta}_{PT})$
???? $v(\hat{\theta}_{ML}^{*})$ ??????$A/B=4$ ????? 0.12??????????
??????? $A>B$ ???????$B>A$ ???????????????????
4. ??????????? Pitman???????????? 2???????
???[AOT07] ???????????????????????????$X_{1},$ $X_{2},$ $\cdots,$ $X_{n},$ $\cdots$
????????????? (Lebesgue??????) ?? $f(x-\theta)$ ?????????
?????????????$\theta$ ??????????? $f()$ ????? (D1), (D2) ???
???
(D1) $f(x)>0$ $(x>0);f(x)=0$ $(x\leq 0)$ ?? $f(x)$ ? 2???????????
$\psi(x):=\log f(x)(x>0)$ ????? $\psi"(x)$ ??? $(0, \infty)$ ????????????
??? $x_{0}\in(0, \infty)$ ???????? $K$ ????????? $x\in(0, \infty)$ ????
$|\psi"(x)-\psi"(x_{0})|\leq K|x-x_{0}|$
????
(D2) $A:= \lim_{xarrow 0+0}f(x)>0,$ $\lim_{xarrow\infty}f(x)=0,$ $A'$ $:= \lim_{xarrow 0+0}f'(x)$ , $\lim_{xarrow\infty}f'(x)=$
$0,$ $0<I:=-E_{0}[\psi"(X)]$ ??? $0<I_{0}:=E_{0}[\{\psi'(X)\}^{2}]<\infty$ ????
?? (D1), (D2) ???
$I_{0}=I-A'$ (4.1)
?????????????????









???????? $f(x)=Ae^{-Ax}(x>0);f(x)=0(x\leq 0)$ ????????????
??????? $\theta$ ? Pitman???????? $n$ ????
$\hat{\theta}_{PT}=\frac{\int_{-\infty}^{X_{(1)}}\theta e^{nA(\theta-\overline{X})}d\theta}{\int_{-\infty}^{X_{(1)}}e^{nA(\theta-X^{-})}d\theta}=X_{(1)}-\frac{1}{nA}=\overline{\theta}-\frac{1}{An}$
???????? $\hat{\theta}_{PT}$ ????? (4.2) ???????????????????(4.2) ??
$n( \hat{\theta}_{PT}-\theta)=n(\overline{\theta}-\frac{1}{An}-\theta)+o_{p}(1)$
????? $\hat{\theta}_{PT}$ ? $\overline{\theta}-(1/(An))$ ??????????????? $\theta$ ?????? $\theta=\overline{\theta}$ ?









??? ([AOT07] ? p.126??). ?????$\hat{\theta}_{ML}^{*}$ ? $\theta$ ????????????????
?????$\hat{\theta}_{PT}$ ? $\hat{\theta}_{ML}^{*}$ ????????????1?????????????????

























$=O( \frac{1}{n})$ , (4.10)
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$E_{\theta}[n( \hat{\theta}_{ML}^{*}-\theta)U]=E_{\theta}(U^{2})-\frac{1}{A}E_{\theta}(U)=\frac{1}{A^{2}}+O(\frac{1}{n})$ (4.11)
????????$(4.7)\sim(4.11)$ ? (4.6) ?????
$E_{\theta}[ \{n(\hat{\theta}_{PT}-\theta)\}^{2}]=\frac{1}{A^{2}}-\frac{4(A'+A^{2})}{A^{4}n}-\frac{1}{A^{4}n}(I_{0}-A^{2})+o(\frac{1}{n})$ (4.12)










??????? (4.15) ? (4.13) ?????????(4.14) ?? $I_{0}-A^{2}\geq 0$????$I_{0}=A^{2}$
????? $\psi'(x)=c$ (??) ???????????$f(x)$ ????????????
? 1([AOT07] ? Ex.3.1) ?????
$f(x)=\{\begin{array}{ll}ce^{-(x-1)^{2}/2} (x>0) ,0 (x\leq 0)\end{array}$
???????????????????? (D1), (D2) ??????$A=A'=ce^{-1/2},$
$I=1$ , ?? (4.1) ?? $I_{0}=I-A'=1-ce^{-1/2}$ ??????(4.15) ??
$d_{n}(\hat{\theta}_{ML}^{*},\hat{\theta}_{PT})=1-ce^{-1/2}-c^{2}e^{-1}+o(1) (narrow\infty)$
????????$c=1/\{\sqrt{2\pi}\Phi(1)\}$ ? $\Phi$ ??????????????????
? 2?????
$f(x)=\{\begin{array}{ll}c (?? 1)^{2}e^{-(x+1)/2} (x>0) ,0 (x\leq 0)\end{array}$
112
????????? 2???????????????$c=e^{1/2}/26$ ??????????









?????????????????? $(\underline{\theta},\overline{\theta})$ ??????????? Pitman????
??????????????????? $S,$ $T$ ??????????????????
???????? Pitman????????????????????????????
??????????????????????????????????????
? 4????????????????????????Pitman??? $\hat{\theta}_{PT}$ ?????
??????????????????? Pitman?????????????????
??????????????? $\hat{\theta}_{ML}^{*}$ ? $\hat{\theta}_{PT}$ ? 1?????????????????
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